THE POINCARE SERIES FOR THE ALGEBRA OF INVARIANTS OF 
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Abstract. The formula for the Poincare series of the algebra of invariant of n-ary form is 
found. 



1. Introduction 



Let V n> d be the vector C-space of n-ary forms of degree d endowed with the natural action of 
<^ the algebra sl n . Denote by X n ^ := C[V nt d] Bl " the algebra of s[ n -invariant polynomial functions. 

p-h ; The algebra X nA is a graded algebra 

1 nA = (l n>d ) © (l n , d )i © • • • © (l n , d )k © • • • , 

here (I n ,d)k is the subspace of homogeneous invariants of degree k. Denote v n ,d{k) := dim(T n (i ) fc . 
In [1] the formula for is n .d{k) was found. In the preprint we derive a formula for the Poincare 
> ■ series 



V n , d (t) = J^^A^, 

of the algebra invariants X ntd . 

2. Poincare series 



Consider the Lie algebra st n and let E^i denote the matrix that has a one in the k-th row 
^ . and z-th column and that has zeros elsewhere. Let 

H ' 

f) = {eiE lt i + e 2 E 2) 2 H V e n E n , n \ a + e 2 H h e n = 0, e, G C}, 

be the Cartan subalgebra of s[ n . Define Lj e f)* by Li(EjJ) = S^j. Let aa t j = Lj — Lj, 
1 ^ i < J ^ n are the positive roots sl n and let 0j = L\ + L 2 + ■ ■ ■ + Li, i — 1, . . . , n — 1 are the 
fundamental weights. The matrices 

Hi := Ei > i — E2 > 2, H 2 := -E'2,2 - -E3, 3) • • • fn-l := -E'n-l,n-l — -Sn,n 

generate the Cartan subalgebra of the Lie algebra si n . It is easy to check that <fii(Hj) = Sij. 
Denote by A = (Ai, A2, ■ ■ ■ , A n _i) the weight 

Ai0i + A 2 </> 2 + • • • + \ n -i<fin-i, Ai e Z. 

In the notation the half of sum of all positive roots p equals (1, 1, . . . , 1). 
In pQ we proved that 



hd (k) = J2(-l) lSl Cn,d{ k >{P~s(p)}), 



sew 



where W is the Weyl group of sl n , {p} is the unique dominant weight on the orbit W(/z), 
c n> d(k,ii) := c n> d(k, (fii, H2, ■ ■ ■ , A*n-i)) is the number of non-negative integer solutions of the 

1 
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system of equations for the indeterminates a. 



(2) 



u 2 (a) - LOi(a) = /ii, 

W„-l(a) - ^n-2(«) = Vn-2, 

u>i(a) + a; 2 (a) H h w„_i(a) + 2cj„_i(q;) = kd- fj, n _ ± , 

\a\ = k. 



u s(pi) ■■= Ysiei^JsOii, l n ,d ■= {i ■= (ii,«2, • • • ,«n-i) e ^+ \ 1*1 < d}, \i\ :— %\ H h i n _i. 

Let us derive now the formula for calculation of v n ,d(k). Solving the system (2) for ui(a), 
co 2 (a), w„-i(a) we get 



(3) 



kd 



n 



kd 



uj 2 la) = 



n 



n—z n—z 

s=l s=l 
rt— 2 j n— 2 



Wn-l(a) = — - -f A* n -1 - y]s/i a ). 

n n V ^-^ / 



s=l 
n-2 



lad = k, 



It is not hard to prove that the number c n ^{k, (0, 0, ... , 0)) of non-negative integer solutions of 
the system 

kd 

LOi{a) = — 



u> 2 (a) 



\a\ = k 

k d 



k U d 



n 



kd 



n 



is equal to the coefficient of t k (qiq 2 ■ ■ ■ q n -i) n of the expansion of the series 

1 



Rn,d(t, <7l, • • • <Zn-l) 



-,v = (vi,V2,---,vn-i) e z: 



n-1 



J] (l-^.-.g^i 1 ) 
Denote it in such a way: 

[" . k d~ 

Cn, d (k, (0,0, . . . ,0)) = t (q x q 2 ■ ■ ■ q n -i)~ Rn,d(t, qiq 2 ■ • • q n -i)- 
Then, for a set of nonnegative integer numbers n := (/Xi, fx 2 , . . . , /i n -i) the number 

C n ,dO, (^1,^2, • • ■ ,A*n-l))> 

of integer nonnegative solutions of the system (4) equals 



Cn,d(k, (/ii, . . . ,/Xn-l)) 



Rn,d(t, Ql ■ ■ ■ Qn-l) 



i kd' a 1 u! 

t\ qi ■ ■ ■ q n -i)~ q?--- q^RnAt, <h ■ ■ ■ 9n-i)- 



Here 



(4) 



'n-2 n-2 \ 

^ s ~ n ( Yl s ^ s ~ f^- 1 ) J > * = !» • • • > w - 1. 



s=l 

By using the multi-index notation (f := q^ 1 • • ■ q^-i , rewrite the expression for c n> d(k, fx) in the 
form: 



Then, Theorem 2.5 implies the following formula: 



(5) 



v n ,d( k ) = *V" ] 



B-i)" 1 * 



sew 



n (! - ^) 

|7?|<d 



Let us recall that the Poincare series V n ,d{t) of the algebra of invariants X n ^ is the ordinary 
generating function of the sequence v nj d(k), k = 1, 2, .... To simplify the notation put 



•/|or,.-il=l J\ai 



, dq 1 ...dq n - 1 f dq 

f[t,q 1 ,q 2 ,...,q n -i) ■= f f{t,q) — . 

J\ q \=i 1 



'|g„-i|=i J\<n\=i qi...q n -i 
Theorem 2.1. The Poincare series V n ,d(t) of the algebra T n ^ equals 



(6) 



Proof. We have 



P nd (t)={ ^ ^ 

J\ q \=i j| [ (1 - tq ni ^ dp ) Q 

\n\<d 



£(-dS 



Vn,d( k ) 



i q 



H „{ ,>-»u>)Y ^(_i)klg»{p-^)}' 



\v\<d \v\<d 

^(_l)M^»{/»-*(p)}' 



= [**] 



sew 



|Tj|<d 



./|g„_i|=l J| 9 i|=l 1 - 



nr, n -i-d\ 

y2 yn-i J 



dq!... dq n -i 



Jl {l-tq m, - dp ) 9i---5n-i 

|7?|<d 
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Therefore 



E 

k=0 



Pn,d(t) = VnM^ = 

^(_l)M g {P-.(p)}' 



\ 



sew 



dq 



q\ = l 



n 



\<d 



E 

sew 



(_1)M g n {p- s (p)}' 



91=1 n ( x - t( ( vn ~ dp ) q 

\n\<d 



3. Examples 



□ 



Let us consider the case of binary form. We have f) = (Hi), where Hi = Ei t i — E 2y2 - There 
exist the positive root a = Li — L 2 = 2Li and the fundamental weight fa = Lx- The half the 
positive root p is equal to L\. The Weyl group is generated by the reflecsion s a , (— l) Sa = —1. 
The orbit of weight p consists of the two weights fa and —fa and we have p — W(p) = {0, 2 fa}. 
Therefore 

V2,d{k) = c 2>d (k, 0) - c 2 ,d(k, 2), 
where c 2> d(k, m)is the number of nonnegative integer solutions of the equation 

dk — m dk 
oti + 2a 2 H h da d = = — 1, 

on the assumption that \a\ = k. It is exactly the Sylvester- Cayley formula. By (4), (5) we have 



1 



^ ) = [te2] (T^y(i-te)...(i-^) 

Theorem 2.1 implies 



[t* 



1 



1 - z 



1 - tz- d )(l - tz- d + 2 ) ... (1 - tz d ) ' 
dz 



^ ' --' M ' ' " r 1 ' (1 - tz- d + 2 ) ... (1 - te d ) 2 

It is a well known formula. For instance, in [2] it derived from the Molien-Weyl formula. 

Let us now consider the case of ternary form. We have fa — Li, fa — Li + L 2 . The positive 
roots are 

ai := Li-L 2 = 2fa-fa = {2,-l), 

a 2 := L 2 -L 3 = -fa + 2fa = (-1, 2), 

a 3 := Li - L 3 = 0i + 02 = (1, 1)- 
Then half the sum of the positive roots p is equal to (1, 1). The Weyl group of Lie algebra si 5 
is generated by the three reflections s ai , s a2 , s a3 - The orbit W(p) consists of 6 weights - (1,1) 
and 



5^(1,1) = (-1,2), 


(-1) s «il = 


-1, 


Sct2 (l,l) = (2,-1), 


s a2 \ _ 


-1, 


s Q3 (l,l) = (-l,-l), 


(-1) s «sl = 


-1, 


s ai s«s(l,l) = (1,-2), 




= 1, 


s Q3 s ai (1,1) = (-2,1), 




= 1, 



Therefore 

p - W(p) = {(0, 0), (2, -1), (-1, 2), (2, 2), (0, 3), (3, 0)}. 

By (1) we obtain 

M*0 = c ^ (0, 0)) - 2 c M (fc, (1, 1)) - c 3>d {k, (2, 2)) + c 3>d {k, (0, 3)) + c M (fc, (3, 0)) 
We have 

1 1 

R3,d(t,p,q) = 



iiJ IIIK 1 -^ 

By (4) we get 



fc=0 i=0 



2//i + /i 2 /tt 2 - A*i 



3 ' 3 

It implies that (0, 0)' = (0, 0), (1, 1)' = (1, 0), (2, 2)' = (2, 0), (0, 3)' = (1, 1), (3, 0)' = (2 
Therefore 

MA;, (0,0)) = [t k (pq)f]R 3>d (t,p,q), c 3>d (k,(l,l)) = [t k (pq)f]pR 3 , d (t,p,q), 
c M (fc,(2,2)) = [t k (pq)%]p 2 R 34 (t,p,q), c 3>d (k, (0,3)) = [t k (pq)f]pqR 34 (t,p,q), 

■2 



c 3id (k,(3,0)) = [t k (pq)f}^R 34 (t,p,q). 



Thus 



d k 



2 6 

l+pq + — -2p-p 2 1 + q 3 p 3 + ^- - 2p 3 -p 

9 _ r+fei Q 



VsAk) = t k (pq)^ - - * = [t k ]- 



d k L 1 d k 

n n(i - t v i q k - 1 ) n n(i - ^-y^-*) 



fc=0 i=0 fc=0 i=0 

By (6) we have 



Vz 4 (t) 



l + q 3 p 3 + P ^-2p 3 -p 6 dqdp 

p|=lJ|9l=1 nn(i-ip 3i " aM ^ 9 p 



q 

k=Q i=0 
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